Abstract. Based on new explicit estimates for the prime counting function, we improve the currently known estimates for the particular sequence Cn = npn − k≤n p k , n ≥ 1, involving the prime numbers.
Introduction
Let p n denotes the nth prime number. In this paper, we establish new explicit estimates for the sequence (C n ) n≥1 with C n = np n − k≤n p k (see [6] ). In [1, Theorem 10 ], the present author used the identity
where π(x) denotes the number of primes not exceeding x, to derive that the asymptotic formula
holds for each positive integer m. By setting m = 9 in (2), we get
Theorem 1.1. For every positive integer n ≥ 440200309, we have 
Preliminaries
In 1793, Gauß [4] stated a conjecture concerning an asymptotic magnitude of π(x), namely
where the logarithmic integral li(x) defined for every real x ≥ 0 as
Using the method of integration of parts, (7) implies that
for every positive integer m. The asymptotic formula (6) was proved independently by Hadamard [5] and by de la Vallée-Poussin [7] in 1896, and is known as the Prime Number Theorem. By proving the existence of a zero-free region for the Riemann zeta-function ζ(s) to the left of the line Re(s) = 1, de la Vallée-Poussin [8] was able to estimate the error term in the Prime Number Theorem by
where a is a positive absolute constant. Together with (8), we obtain that the asymptotic formula
holds for every positive integer m.
A proof of Theorem 1.1
Now, we use some recent obtained lower bound for the prime counting function π(x) to give a proof of Theorem 1.1.
Proof of Theorem 1.1. First, let m be a positive integer with m ≥ 2, and let a 2 , . . . , a m , x 0 , and y 0 be real numbers, so that
for every x ≥ x 0 and
for every x ≥ y 0 . The asymptotic formulae (9) and (8) guarantee the existence of such parameters. In [1, Theorem 13], the present author showed that The present author [1, Lemma 16] found that
for every x ≥ 10 16 . Applying this inequality to (14), we get
2 log x 0 − 3x Computing the right-hand side of the last inequality, we get
Since x 0 = p 841160647 , we use (1) and a computer to obtain
Hence, by (15), we get d 0 ≥ 1.12 · 10 13 > 0. So we obtain the desired inequality for every n ≥ 841160647. For every 440200309 ≤ n ≤ 841160646 we check the inequality with a computer.
A proof of Theorem 1.2
Next, we use a recent result concerning an upper bound for the prime counting function π(x) to establish the required inequality stated in Theorem 1.2.
Proof of Theorem 1.2. Let m be a positive integer with m ≥ 2, let a 2 , . . . , a m , x 1 be real numbers so that 
